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The eta-function

e Definition
o @)
n(r) = e’i7‘(’7’/12 H (1_627m'j7') — q1/24 H (1_qj)’
J=1 J=1
Im(7) >0 and ¢ = exp(27it), so |q| < 1.

e Transformation formula
wry = En (1)
e Equivalent transformation formula
gt/% lo_o[ (1-¢) = \/%qi/% lo_o[ (1 —q{),
j=1 '

=1

— 27/t

— 27t
€ ﬂ-a C_Il_

q:

T = 1it, Re(t) > 0.



Venkatachaliengar's proof [pp. 33—35]

Supose Im(7) > 0, ¢ = e2™7 and define

¢’

-Sin jz.

o (z|T) ——cot —|— Z o

e ¢(z|7T) is an odd function of z

e ¢(z|T) analytic except for simple poles at
z = 2mm + 2mnT, m,n € 4.
The residue at each pole is 1/2.

o ¢(z+27|7) = ¢(z|7)

O(z 4+ 2n7|T) = O(2|T) — %



Transformation formula

1
——) have

1
The functions ¢(z|T) and —¢ (E
T T T

the same poles and residues.

The difference f(z) = ¢(z|1) — 1¢ (i

>

IS entire and has the properties

fGt2m) = [(2) + 5
1T

f®+2m0=f@%+%.

A

1 1 1
The function ¢(z|7) — —gb( ——) ——z
T T AT

IS odd, entire and doubly periodic.
By Liouville’'s theorem it is identically zero.
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Series expansion

1 ¢’
o(z|T) = Zcot + Z T -sSinjz
1) 1
= ot ¢ a2
where
B " 00 2n 1
Son—1(7) = ——2 + Z q

t _ 0 Bnt”
et — 1 Z n!
n=0
In particular,
1 o0 jqj
S = —— .
(1) =—5,+ E T



A transformation formula

Substitute the series expansion for ¢(z|7) into
the transformation formula and equate coeffi-
cients of z:

1 1 1
o = ()
1(7) 27\ AT
1 1
Son-1(7) = 55501 <—;>, n > 2.

The result for S1 may be written in the form

@) j€—27rjt
1-—24 Zl 1 — 6—27rjt
j:

1 X je2mi/t 6

t iZil—e2mi/t]

The value t = 1 solves a problem posed by
Ramanujan as Q. 387 in the Journal of the
Indian Mathematical Society:




Venkatachaliengar’'s proof: conclusion

© @) j€—27rjt
120y 1 o
1=

e Integrate, then exponentiate:

S ' A 1712 '
/P [[A-)?="a [ -a)?

— 27t
Y

g=¢e q=e"  t>0

and A is a constant, independent of t.
e Sett=1toget A=1.

e Proved for ¢ > 0. It holds for Re(t) > 0 by
analytic continuation.



Exercise

Integrate with respect to z:

gt

T AT

sG:Ir) =0 2

to deduce the transformation formula for the
Jacobian theta function 61 (z|7).
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Part 2: Ramanujan’s function k

¢ o) = g5 Tf G000
j=1 (1—-¢>73)(1 —¢°72)
Rogers-Ramanujan continued fraction.

o k= R(q)R*(¢°) =¢q IO_O[ (1 —¢)—cW)
j=1

() = (-1 (1)

1 ifj7=3,4,6,7 (mod 10),
— -1 ifj=1,2,8,9 (mod 10),
0O otherwise.

e Properties of k£ given by Ramanujan in the
lost notebook have been analyzed by S. S.
Rangachari and S. Raghavan, S.-Y. Kang,
G. E. Andrews and B. C. Berndt, and C.
Gugg.

11



Extending Ramanujan’s results for k

k=q [[ (1-¢) W
=1

i (—1)) (%) 1Jj];j

d
j=1

Theorem: Each of z,  —k, + +1 —k and

%— 4 — k have simple expressions in terms

of eta-quotients.

Equivalently, each of n24(7), n?4(27), n2*(57)
and n24(107) is expressible as

2 x rational function of k.

12



Let

24
m

24
Up)

24
s

24
10

k and eta-quotients

©@,

= n(nt) = ¢"/>* ] (1 - ¢").

6

6

Z6

6

=1

k(1 — 4k — k2)%

(1-k2)*(1 +k—k2)
k2(1+ k — k%)%

(1 — k2)5(1 — 4k — k2)’
k‘5(1 _ k2)4
(1+k—k2)5(1 — 4k — k2)%
klO

(1 -E2)(1+k—E2)4(1 — 4k — k2)>
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Ramanujan’s Eisenstein series

o Let
o0 - 9
P(q) = 1-24 I
j=11-¢
X 3¢
Q(g) = 14240 > 3
— 1 — qJ
1=1
00 j5qj
R(g) = 1-504 ) .
— 1 — q]
1=1

These are the first three coefficients in the
expansion of ¢(z|T) in Venkatachaliengar’s
proof.

d
e Note: g-10g n?* (1) = P(q).
q
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Ramanujan's Eisenstein series P(q)

e [ heorem:
R R N
P _ 3 -2 %3 (1(-1;25?2)'2
s <5 1 53 (1(—1:2@2)2
\Po/) \ & 2 13)\ k% )

where P, = P(q").

e Proof: Apply logarithmic differentiation to
the corresponding results for ny, no, ns and

"10-
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Ramanujan’s Eisenstein series

Each of P(q), P(¢?), P(¢°) and P(¢q'%) may
be expressed in the form

d
z X rational function of £k 4+ const x kd—z

Each of Q(q), Q(¢?), Q(¢g°) and Q(¢'%) may
be expressed in the form

22 x rational function of k.

Each of R(q), R(¢?), R(¢°) and R(¢'?) may
be expressed in the form

23 x rational function of k.

Analogue of a catalogue for classical theta
functions given by Ramanujan in Chapter
17 of his second notebook.
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Chapter 19 of Ramanujan’s 2nd notebook

e YEANRELY
1 +j;1<_1)] (g> 1—q
= 2o(-0e(~¢) (567(~¢®) — $*(0))

];1 ( ) 1 — g27
= @ (@¥(a®) (¥*(2) - 5¢¥*(4)) ,
where
p(g) = i qu and Y(q) = i ¢ U+1)/2,

Each factor on the right hand sides of these
identities may be written as an eta-quotient.
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Connection with k£ and z

o E () =

> (]) j¢  _  zk

=1 5/1—q% 1—k2

i(_l)j—quj(l—qj)(l—qzj) _ =k

1=1 1_q5j 1+k_k27
. 3 j@(1—q)(1—¢%) 2k

=1 1 —qt0 1— 4k — k2
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Part 3: Elliptic functions

T his section is based on joint work with

Heung Yeung Lam (preprint).
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Generalized Eisenstein series

For any positive integer n, define

Boyn10 jen—lqi
(2 _ ’ _ J( ) -
1(2n|T) . + E ( 1) 1o
00 2n 1 7
I\ J q
F>(2n = (—) -,
2(2n|T) j§::1 5) 1 ¢2
00 2n—1 79 J _
1] ¢/(1—gq )(1 q%7)
Fs(2n|t) = > (- 1)7-1 1 :
— — q°J
1=1
0 2n—1_J(1 _ A2 _ 497
J ¢?(1—q<7)(1—q%)
Fio(2n|r) = 107 :
j=1 L=

e Byp 10 are generalized Bernoulli numbers,
defined by

64:10 + 63:1:' . 8290 _ e i B L
Xr — —.
€57 4 1 e Tl

® Boio = 0, Br10 = 4, Bs10 = —8 x 17,
B6,1O = 12x871, and B8,1O = —16X92777.
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Elliptic functions

F>(2n|r) = Z (l J ¢’

j=1\ 1—g%

Mo(z|T)

(_1)n—1(2z)2n—1

= > Fx(2n|7)
n=1

(2n — 1)!
00 . 7
= (l> d 2.sin 29z
q2j—162iz _ q4j—2€4z’z
1 _q6j—3e6iz _|_q8j—4e8iz
= Q_ij—z—:oo 1 — ¢10j-5¢10iz

n(27)n(571) 9(2|7‘)9(22’|2T>9(5Z|107‘).

on(r) 6(z|27)60(52|57)



Periods and irreducible sets of zeros and poles

Function | Periods Poles

(w1, w2)
Mq(z|T) | (&, 7T) *7{‘)—01, 7 €4{1,3,7,9}
Ma(z|T) | (m,277) | B2+, j€{1,2,3,4}
Ms(z|T) (7, 57T) wzl —I—J , 1 €4{1,2,3,4}
Mio(z|T) | (m,1077) | 22, j € {1,3,7,9}

Each function has zeros at 0, w1/2, wy/2 and

(w1 + w2)/2.

The order of each elliptic function is 4.
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Pole sets

Let u, v € C with Im(v/u) > 0. Let

Pi(u,v) = {(m—l—L> u-l—nv}

R (RPN
o = (D)t (o4 2)}
Ao = o o 1)1

m, n€Z, re{l,3,7,9} and s € {1,2,3,4}.

Thus P.(u,v) is the sets of poles of the func-
tion M, (%Z ,;’—u) ke{l,2,5,10}.

23



Intra-relations

Let u, v € C with Im(v/u) > 0.

Suppose ( CC" Z) € SL(2,7Z)

Let V = av + bu, U = cv + du.

c=0 (mod 10) = Py(u,v) = P (U, V).

{ = (mod 2) } = Py(u,v) = Po(U, V).

{ b=0fmod >) } = Ps(u,v) = Ps(U, V).

b=0 (mod 10) = Plg(u,v) = PlO(U7 V)
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Intra-relations: example

Suppose Z € SL(2,7),

b=0 (mod 2) and ¢=0 (mod 5).

Let u, v € C with Im(v/u) > 0.
Let V = av + bu, U = cv + du.

1 wz |V d\ 1 Tz | v
Lo (E3) = (4) b ()
U U 12U 5/ u u |2u
V
Proof. M> (E —) and Mo, (E i) are
U (12U u |2u

elliptic functions with the same periods, ze-
ros and poles. Their quotient is therefore
a constant, which can be determined by
examining the behavior at the pole

U vV du  av
=TT s T

25



Intra-relations: conclusion
Suppose ( Z’ Z ) € SL(2,Z), c=0 (mod 10).

For k£ € {1,2,5,10}, the elliptic functions
satisfy

at + b
ct + d

M, (z ) = (g) (et + d)My, ((em + d)z|T)

and the Eisenstein series satisfy

b d
F}, (Qn ::-_L_CJ = (g) (et + d)?"F, (2n|7).
Example: | '
> Z) jqj:(é) La2y 9N
jgl <5 1—q2J S r j;1 1—¢)

g = exp(2miT), g1 = exp (27T7§ (aT ™ b))

ct + d
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Inter-relations

e Let uy, v1 € C with Im(vq/uq) > 0.

()= (2 ) ()
() =(5 1) ()
()= (9 5 ) ().

o Pi(uivy) = Po(up,vp)

= Ps(us,vs) = P1o(u10,v10)-
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Inter-relations among elliptic functions

My (z|7)

_ -1 2 27 — 1
(57— 2) 2(57—2‘2(57—2)>

- 1 Y z 541
T VB(@ar+1) C\4r+1|5(4r+ 1)

—1 z| —1
M —|— .
10( 107')

V5T T
Atkin-Lehner involutions

F1(2n|T)

-1 (o] 21
~ (5r—2)2n 2< n‘2(5¢—2)>

1 7 (on 5+1
T VBT + 120 7\ T [5(4r + 1)

710 (20 15 )
— n|l—— |.
10 10
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Inter-relations: example

14+ Y (- 1)9(')1“{]-

J=1 -4
S NS (2) J23
(617 —2)? j=1 5/ 1 — qg‘y
g1 = exp(2wit),
exp 2 (27— 1)
p— 7T'I, .
12 2(57 —2)
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Atkin-Lehner relations

. (27— 1)
= exp(2 : =exp |2 :
i = exp(2rin), a2 = exp (2min )
k1= k(q1), ko = k(q2),
k k
( 1+1k§ \ ( 1+21<;§ \
1—1\352 1—k§2
14k3 1+k>
= A, :
14+k1—k? 14+kp—k3
1+k% 1+k3
1—4ky—k? 1—4kp—k3
14k2 ) \ 14k2 )
(0 -2 0 0)
2 00 O
Ay = ,
>l o oo -3}
\0 02 O0)
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Part 4. Other extensions: My(p)

Let p be an odd prime.

Fo(p) = {( 0 ) € SL(2,2)

¢ = 0(mod p)}

Let (CCL Z) e lMolp).

Let wq, wo € C with Im(wg/wl) > 0.

Let wg = awp 4+ bwq and w3z = cwo + dw;.

Lethg.
w1
b
Then W4 _ 9T Tb ¥ _ 14

w3 ct + d w1
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Lattice subsets

ANE (w1, wp) = {m’wl + nwy : (

™m ™m
QF (wq,wy) = {—’w1 + wo : <—
p p

Intra-relationships:

ANE (w1, wp) = A (%) (w3, wg)

QF (wy, wp) = Q" Gﬁ) (w3, wg)

Inter-relationship:

ANE(wy,wp) = Qi(g) (pwo, —w1)

32



Modular relations for IMg(p)

Idea:

e Cook up an elliptic function with zero set
given by A1 (wq,ws) and pole set given by
A~ (w1,ws), and another one with zero set
Q71 (w1, ws) and pole set (w1, ws).

e EXxploit the intra-relationships.

e EXxploit the inter-relationships.
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Construction of elliptic functions

asrsns ()=
= frasrsrmn ()=

O(z|T) = 2q1/8 sin z

o0
> H (1 . qn6222)(1 . qne—QzZ)(l . qn).
n=1

R

F(Z, CU]_,CUQ)
iy W,
H exp ( WZTZ) 01 (1 (z —rwp) £>
rER pwi w1 1
o
I] exp ( WWZ) 01 (1 (z — rwp) ’Z&)
reNR b w1 w1
1o (+(5-7) | 2)
Wi p w1l
G(z; w1, wn) reR



Transformation formulas

Intra-relationships:

F(z, w1, w>s) (F(z;w3,w4)><g)

F(0; wy,w2) F(0;w3,wy) ’
d
G(z;wi,w2) _ [(G(2z,w3,ws) (5>
G(0;w1,w2)  \G(0;w3,wyq) ’
Inter-relationship:
F(Z;W]_,CUQ) — G(Z;pWQ,—CU]_)
F(0;w1,w2) G(0; pwo, —w1)

These follow immediately from the lattice
subset properties.

The “F(0;---,---)" and “G(0;---,---)" can
be removed by logarithmic differentiation.
Then expand in powers of z and equate
coefficients...
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Generalized Eisenstein series

p—1 o0 n
€T E\ . €T
— e — n,p_
eb® —1 kgl <p> ngo n!
B4
EQ(r; xp) = ——=L6 1

B, X ()"
EX (T, xp) = — T;Lp-l- <—> -

5 ] 1 ifm=n,
TR0 ifm£En
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Generalized Eisenstein series

Suppose p is an odd prime, (CCL 2) c Mo(p),
neZT and n=(p—1)/2 (mod 2). Then:

b d
Eg <a7' + : Xp) <]—9> (e + d)”ES(T; Xp)a

ct + d
o0 aT—I—b. — C_i n oo .
00 __1 — 1 nO0r, .
En (pTrXp> - Cp\/13<p7) En(Tvxp>7

<_—1;Xp> = @TnEﬁo(TiXp)-

Cp
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Remark

We could try and begin with

(%)

O/_. _ /
Gy (Tixp) = ZZ (G + k)"

and

(%)

This requires n > 2 for convergence.

The method outlined in this talk yields results
for n =1 and n = 2 as well.
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Part 5: Concluding remarks

Venkatachaliengar's proof of the transfor-
mation formula for the eta-function is ele-
mentary and self-contained.

It uses Liouville’s theorem, but not the Ja-
cobi triple product identity, or any other
facts about theta functions.

Venkatachaliengar’s book contains many other
elegant proofs. For example, the addition
formula and differential equations for the
Weierstrass and Jacobian elliptic functions
are derived by simple (but clever) manipu-
lations of series.

Venkatachaliengar’'s question: can topics
in the book be extended to finite fields?
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