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Eisenstein series on the full modular group

Define, for g = eZ“"T ImT > 0,
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Tim Huber lowa State University Eisenstein Series for subgroups of SL(2,Z)



Eisenstein series on the full modular group

Define, for g = eZ“"T ImT > 0,

)=1—

» The series Q and R are the unique normalized Eisenstein
series of weight 4 and 6 for SL(2,7Z).
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Eisenstein series on the full modular group

Define, for g = ezm'T ImT > 0,

_17

» The series Q and R are the unique normalized Eisenstein
series of weight 4 and 6 for SL(2,7Z).

» The weighted algebra of all integral weight holomorphic
modular forms for SL(2, Z) is generated by Q and R.
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Eisenstein series on the full modular group

Define, for g = ezm'T ImT > 0,

_17

» The series Q and R are the unique normalized Eisenstein
series of weight 4 and 6 for SL(2,7Z).

» The weighted algebra of all integral weight holomorphic
modular forms for SL(2, Z) is generated by Q and R.

» Pis a quasimodular form on SL(2, Z), satisfying

p at+b a b
ct+d d

where s € C is the coefficient of affinity of P.

) = (et4d)*P(7)+sc(ct+d), V:l:( ) € SL(2,7Z),
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In 1914, Ramanujan proved that

P P*—Q dQ PQ—R dR _ PR—Q?
Toq ™ 12+ Tag~ 3 1 g 2
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In 1914, Ramanujan proved that

P P*—Q dQ PQ—R dR _ PR—Q?
Toq ™ 12+ Tag~ 3 1 g 2

Ramanujan’s proof is as beautiful and unique as the result itself.

He derives, in an elementary way, a classical differential
equation satisfied by the Weierstrass gp-function and a new
identity involving the square of the Weierstrass ¢-function.
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In 1914, Ramanujan proved that

P P*—Q dQ PQ—R dR _ PR—Q?
Toq ™ 12+ Tag~ 3 1 g 2

Ramanujan’s proof is as beautiful and unique as the result itself.

He derives, in an elementary way, a classical differential

equation satisfied by the Weierstrass gp-function and a new

identity involving the square of the Weierstrass ¢-function.

Oddly, this important result from the theory of modular forms
» does not utilize the theory of modular forms, and

» does not employ complex analysis or the notion of double
periodicity.
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Ramanujan proved the differential equations by equating
coefficients in the trigonometric series identities

:<cot 9> —l—Zq cos kG IZ k" (l—cos(ke))
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Ramanujan’s differential equations for Eisenstein series play a
role in proving many of the results in his notebooks, including
the lost notebook.

In 2007, H. showed that the differential equations imply the
parametric representations

dz

P(g) = 22(1 — 5x) + 12x(1 —x)za, (1)
0(q) = (1 + 14x +x%), ()
R(q) = 22(1 4 x)(1 — 34x + x?), (3)

where

11
z=2F E’E;l;x :

These parameterizations and the preceding differential
equations are main ingredients in proofs of many of
Ramanujan’s modular equations.
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Ramanujan likely thought about how to extend the differential
equations for Eisenstein series to generalizations.

On page 332 of the Lost notebook, Ramanujan writes

u 1r 2}" 3r
el — 1 +€25x—1 +e3sx—1 o

where s is a positive integer and r — s is any even integer.”
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Ramanujan likely thought about how to extend the differential
equations for Eisenstein series to generalizations.

On page 332 of the Lost notebook, Ramanujan writes

u 1r 27‘ 3r
iy ey B T

where s is a positive integer and r — s is any even integer.”

What Ramanujan meant by the above entry is not clear.
The series does not fit into the theory of elliptic functions or the
theory of modular forms, except when s = 1.

This entry, and others, have inspired a number of
generalizations of classical results.
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» In the 1970s, V. Ramamani, a student of Prof.
Venkatacheliengar, derived analogous coupled system of
differential equations for modular forms on I;;(2) and I(2).

» In 2007, T. H. extended Ramamani’s method to derive a
similar coupled set of differential equations for modular
forms on the theta subgroup.

» In 2008, R. Maier, using the theory of modular forms, has
shown that a similar set of differential equations are
satisfied by Eisenstein series on Iy(3) and T (4).

Can Ramanujan’s methods be used to derive differential
equations for modular forms on subgroups of SL(2,Z)?

Are there interesting consequences of these differential
equations, or results analogous to classical identities?
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Theorem
For o« # 1/2, define

i sin(2n7a) q

eoc( ) =1+
Ot
n:l
= cos(2nma)ng"
P = )
(4) csc2 ; 1—q"
= sin(2nmo)nq"
Qalg) =  cot(ma) csc2 (7rox) ; 1—qn
Then
d csc? ()
qzqea = 4 (eaPs — Qu)
d 2 1 1
qd—qP(x = WP(ZX —5 cot? (mx)eq Qo + 2 cot(7tax) cot(27tee) e oo Qe
d

1 1 1
*ch = ZQO(P(X CSC2(7'[CX) + EPIfZOchx CSCZ(ZTEO() - Ee%fthoc C0t2(27'[0()

+ Eeael,zcha cot(ma) cot(27ex) — efoa cot? (7tot).
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The theorem is proven by

» Equating coefficients in Ramanujan’s first trigonometric
series identity after replacing the variable 6 by 0 + 7«,

» Using the fact that the sum of the residues of an elliptic
function on a period parallelogram are zero, and that

flz,x,q) =

O1(z+x+ma|q)0(z—x+7mx|q)0(z+ (1l —2a) | q)
67(z | q)

is an elliptic function in z with period 7 and mt, ¢ = €™,

0
where 0;(z | g) =2¢"% ) (—1)"¢"""1)/ 2 sin(2n + 1)z.

n=0
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» Noting that f(z) has only a pole of order 3 in a period
parallelogram, so

192,
0 = Res(f;0) *Zlilg) E@(Z 1(z))
3 d 2 32
= Zfz(Z) [(azlogz3f(z)> + azzlogz3f(z)] :

» Deducing that

a1 3 ’ 621 =0
<6z Ong(z)) E)2(0ng( 7)) =0

and equating coefficients of x in this identity.

» Equating coefficients in Ramanujan’s second trigonometric
series identity after replacing 6 by 6 + m«.
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Letx:{0,1,..., N — 1} — Z, and denote

or(n|x) = Zx(d mod N)d*.
dln

Let x3(n) denote the Jacobi symbol modulo —3. Then

o0 o0
e13lq) =146 ) _ool(n|x3)g". Pisalg) =143 oi(n;—2,1,1)q",

n=1 n=1
Qi3(g) =1-9) oa(n|xs)q"
n=1

When o = 1/3, we recover the following recent result of Maier.

Theorem
2
ie _e3Pis— 0y iP Py —esQiys
Cldq 1/3 = 3 ' qdq 1/3 = 3 ,

d
QIqu/S =P 301,3— e%/3Q1/3-
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>

>

The series ¢; /3 and Q, /3 are normalized Eisenstein series
on Iy(3), and Py /3(q) is quasimodular on Ty(3).

Further changes of variables in the aforementioned
trigonometric series identities produce differential
equations involving Eisenstein series on conjugate
subgroups of Iy(3) in SL(2,7Z).

The series ¢; /3(q) and Q, /3(¢) are equal to the Borwein’s
cubic null theta functions, a(g, 0) and b3(g, 0), respectively,
where

o¢]

a(q’ Z) — Z qm2+mn+nzzm—nv

m,n=—o0

o0
blg,z) = Z qm2+'""+"zwm7"z", w = exp(27i/3),

m,n=-—o0

while P, ,3(q) is the logarithmic derivative of ¢(q, 0),

g= 3 g e

m,n=-—0o0
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The Borwein’s cubic theta function identity a(¢) + b3(¢g) = ¢3(q)
is a direct consequence of these differential equations.

Corollary
3. .,3\9
3 (75 q°)
3= Qs =2 q)3oo
1 4Joo
Proof.

The result follows by logarithmically differentiating each side of
the claimed identity, and by applying the elementary relation

(¢ q)3 i a2
@D (@)@ )0

O
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Let ' denote the operator q . In 1956, R. Rankin gave a general
method for deriving |dent|t|es satisfied by modular forms and

their derivatives. For example, with A = Qf%ZSRZ, we have

400" —5(0')?* = 960A, 6RR"” —7(R")? = —3024QA.

Corollary

0=e)— §P1/3e{/3 + §Qf/3
= 013+ €1 301 ;3 — 401 3P| ;3 + Se1 301 /3¢ /3
= 01,3015 — (01 3)° — 01 3P| )5 + 2€1 307 j3€1 /3,

and et
e1aelys = 2ei )" = 640157 s
] o
A (% 4°)2
013013 — 510} 52 = ~9e1/3Q3 5 LTI,
173173 = 31€13 VR g9k
, 4 )%
P{)3 — §P1/3Pf/3 T §Q1/3e{/3 9‘]Q1/3m'
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Theorem (D. Zagier, 1994)

Let 5 5
P — PO —R PR —
p_PP=0Q0d  PO-RO  PR-Q*1
12 0P 3 00 2 oR
and define
n+k—1\(n+0—-1Y\ .
i~ (1) (4 o

Then the subalgebra generated by Q and R is closed under the
bracket operator [ 1, = [ 1p.»-
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For example, with
1728A = Q° — R,

we may derive

[0, R]; = —3456A, [0, Al; =4RA, [R, Al; = 60°A,
[0, 0l = 4800A, [Q,Rl, =0, [R Rl»=—-211680A,

(A, Al, = —130A%.
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With
Az = e?/3 — Q13

and
2
D e3P —013 0 +P1/3—€1/3Q1/3 d
1/3 3 3e1 1 3 3P 1
P 2 9
+ ( I/SQI/S_ele/S)@

we may similarly derive

le1 /3, Q1311 = =01 /3413, ey /3, A1 311 = =01 /34, /3,
4
(013, A1 311 = 36%/3Q1/3A1/3. le1 /3. €1 /3] = §Q1/3A1/3,

[61/3, Q1/3]2 = e%/3Q1/3A1/3, [Q1/3r Q1/3]2 = _461/3Q%/3A1/3'
[A1 /3. A1 312 = —4e 301 347 3.
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Theorem

Let
Do e13P13—013 0 N P%/3 —e1 3013 d
1/3 = 3 3e1 7 3 P15
0
p )
+ (P1301,3 61/3Q1/3)76Q1/3
and define
n+k—1\/n+{—-1
fdon = 3 -1 ) o
r+s=n § r

Then the subalgebra generated by e, ;3 and Q, /5 is closed
under the bracket operator [ 1, = [ 1p -
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We may also imitate a number of identities in Ramanujan’s Lost
Notebook using cubic Eisenstein series instead of those on the
full modular group:

Corollary
For0<g<1,q=e*",

‘ di e)5(q) — Q}fi(q)
L €1/3(¢)Q1/3(¢)7:10g LT

Corollary
For oty mn € Q,
o0

k
3 <m2 4 mn+m4n+ ;) gl 3) ) e ) g

m,n=-—o0

_ 14 m n
= D wemaPiels0
L+m+n=k+1

Tim Huber lowa State University Eisenstein Series for subgroups of SL(2,Z)



Setting r = 4, we obtain a set of differential equations
equivalent to those for Eisenstein series on I(4) :

d e1/aP1/a — Q14 d Py, —e1/4Q1/4
- = ' —P - '
qdq€1/4 3 Cldq 1/4 3

We may show that

2Py /4(q)—P1/2(q) = Q1/4(q)/e1/4(q) = %(SP(Q4)—6P(6]2)+P(CI))-

Setting Q,/4/e1 /4 = B?, we obtain a R. Maier’s coupled system:

d 2 2 2n2
qjq( 1/4) 261/4P1/4_e B,

d 2 2 2
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When « = §, we derive

d
_— = P — ,
qdq€1/6 e1/6P1/6 — Q16

ip _ 2P%/6 —301/6¢1/6 T Q1/6€2/3

4P2/3 +6P1/6 — 188%/6 +9€1/6€2/3 —65/3
6 .

d
qijl/6 = 0Q1/6
Note that

eloa=2—ern, Qi2a =2—02«, and Pi_oy =Prx. (4)

Thus, cubic theta functions and their logarithmic derivatives
appear above in the form of e, ,; and P, /5.
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Corollary
Letx = Sﬁ—a@ Then

61/5‘3{//5 - (31/5)2 - OCQl/Sef/s - o‘e%/st/s + 0681/5Qf/5 =0.

61/661//6 - (e{/6)2 - Q1/6ef/6 - e%/6P{/6 + 61/6Q{/6 =0.
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Corollary
Letx = Sﬁ—a@ Then

2 P
61/5‘3{//5 - (31/5) - OCQl/Sef/s - o‘el/st/s + 0681/5Qf/5 =0.
e1/6¢t6— (€] 16)> — Q1y6€1 /6 — €1 /6P 6+ €1/6Q] 16 = 0

More generally, we have

Corollary
Letp = esc? ”/ ". Then

e]/"e{//r o (ei/r)2 o ISQ]/”e{/r o Be%/rP{/r + Bel/rQ{/r =0
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If we denote d/dt by a dot, and define

2

Ug =1u—u and Ukt = Uy — kuuy,

then the quasimodular form P(T) satisfies a third order
differential equation
0 = ug + 24uj

called the Chazy equation.

R. Maier shows that the series u = (27i/r)P, ,, satisfy the
“generalized Chazy equations”

0 = uqug — u% + Sui, when r = 4,
0 = uqui — ugug + 24uiug — 15ujuf + 144u;, when r = 3.

Is there a generalized Chazy equation satisfied by P, ,, for
every r > 47
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The coupled system of differential equations for Ih(2) and
conjugate subgroups derived by Ramamani and H. cannot be
derived from the preceeding differential equations.

They result from Ramanujan’s trigonometric series identities
after variable changes corresponding to quasi-periods of the
classical Jacobi theta functions.

We also need an identity of Ramamani involving the cube of the
Weierstrass zeta function

(1—gb)> 16 &= 1 — gt
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Forj =2, 3, define

_ 41 ”‘1
¢i(q) —*+ 1y Z Tt (—1yg?
nodd
00 (_l)n—lnqn ° " /2
P =1+8
I(Q) + ’; 1—q" ; l—q
& (_1)n lnSqn > 3 ”/2
=1-1 =1
QI(Q) 6; 1*6]" 6;
Then forj € {1,2, 3],
d’.P fPJZ_QJ- dQ de; Pie; Q
5 .Q. — 6e:Q; R o} J
dq i 4 dq 195 — 66/, ¢ d ) 12
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As in the cubic case, we obtain results analogous to classical
results and those appearing in Ramanujan’s Lost Notebook.

Theorem
If
o o0
olg)= ) 4 V=) ¢"?
n=—o0 n=0
then

36e7 — Q) = 643 (q), 36e5 — Q) = ©%(—q'/?) /4,
Plo(g'/2)

366% — Q= Mp8(q) = (pS(ql/Z)/“_.
Corollary
LetO<g< 1. Forj=1,2,3,
log <6ej(q) - Q}/2(4)> _ r 0,0
6ej(q) +97(q)) DoV
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Corollary

Let
- 2 gn(n1)/2
‘Tgk Z 21’! + l ,
n=1
o0
Uni(g) = 224+ Z Vit 2/2 _ 92+l Z e n?
Then, fork > 1, and &g mns Bemn € Q,
T (q)
'l.l)(q) = Z Be,m,ﬂipfeli” ’il
204+ 2m-+4n=2k
Uz (q) ¢
— = P;e5 Qs
=7 D cmnPiQ,
C=a"%)  esomrana
Vor(q)
D M- 1o 2o

1/2
(P(q ) 20+2m~+4n=2k
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Zeros of Eisenstein series
on subgroups of the
modular group
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Distribution of zeros for Eisenstein series on SL(2,7Z)

In 1977, Rankin and Swinnerton-Dyer showed

» All of the zeros for the Eisenstein series in a fundamental
region for SL(2, Z) fall on the unit circle between ¢™/2 and
27ti/3 .
e ;

» The zeros are equally distributed on the above arc.

In 2008, H. Nozaki proved that the zeros of the Eisenstein
series interlace on the aforementioned arc.

The location and distribution of zeros for the Eisenstein series
seem to be characteristic of a much wider class of modular
forms, including each of the previously discussed Eisenstein
series on subgroups of SL(2,Z).
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Define

Z:el/3,

qq

where ¢(0, g) = 3q

. S. Cooper and Z. -G. Liu prove

recursion formulae that prowde parametric representations for

the cubic Eisenstein series:

Se(q) =

S1o(q) = 77

1 5 4
272x(1—|—3x), Ss(q)

1 848
— 1436x+ —x2
zx<+ X + 27x>,

1 80
27 <1+8x—|—81x>,

1 448 12448 , 6080
Si2(q) = ﬁzmx (1 Tt X+ o1 x3>
1 422432 , 289792 5 70400
S —7"x [ 1+ 604 2 3 4.
1lg) = 772 x(*’ TR YT e Y e
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The approximate roots are, respectively,

—0.75,

—7.97301, —0.126991,

—1.11774, —0.0284857,

— 5.79946, —0.335808, —0.00684074,

— 35.5324, —1.38827, —0.124956, —0.00167997.

The roots of these polynomials clearly interlace.
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The approximate roots are, respectively,

—0.75,

—7.97301, —0.126991,

—1.11774, —0.0284857,

— 5.79946, —0.335808, —0.00684074,

— 35.5324, —1.38827, —0.124956, —0.00167997.

The roots of these polynomials clearly interlace.

Such interlacing of zeros may be observed in a much wider
class of Eisenstein series.

In particular, the corresponding zeros for the Laurent
coefficients of the twelve quotients of Jacobian elliptic
functions, expressed in terms of the elliptic modulus, are
similarly distributed.

Tim Huber lowa State University Eisenstein Series for subgroups of SL(2,Z)



The Jacobian Elliptic Functions

Define the functions sn, cn and dn, for 0 < k < 1, by inverting the
relations

(uli) it
M_Jo V=2 (1 -2
! dt ! dt
Ln(mkz) VI =2 k2 +122) Ln(ukZ) VI =2) (2 —k?)

u =

where k' =v1—k* t1c€H:={teC|ImT> 0}, and
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The Jacobian Elliptic Functions

As a function of the parameter T, the Jacobian elliptic functions
each have an analytic continuation to C\ {0, 1}.
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The Jacobian Elliptic Functions

As a function of the parameter T, the Jacobian elliptic functions
each have an analytic continuation to C\ {0, 1}.

Define
1 1
Fr() Z{T€H||T—*|>§,O<ReT< 1}
1
U{TGHIIT—I—{ Z 5 0 < Ret< 1L

Tim Huber lowa State University Eisenstein Series for subgroups of SL(2,Z)



The Jacobian Elliptic Functions

As a function of the parameter T, the Jacobian elliptic functions
each have an analytic continuation to C\ {0, 1}.

Define

1 1
IF1"(2)Z{TG]HH|’f—§|>§,O<ReT<1}

1 1
U{fteH||t+ 5\ > E,OgReTg 1}.
For any complex a # 0, 1, the equation A(t) —a = 0 has
precisely one root in Fr(,).

For T € Fr(2), AlT) has a single valued inverse given by

L oF1(1/2,1/2,1:1 —=A)
YR (1/2.1/2, 1)
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The Jacobian Elliptic Functions

Let K denote the complete elliptic integral of the first kind.
Consider the zeros of the series J,,(¢) for the 16 series

() e £ o

n=—oo

2K
U= 7)6, ee{l,2}, f,ge{l,sn,cn,dn}and f # g,

regarded as functions in the upper half plane, T € H.

In the cases € =2, f =1, cn, dn, and g = sn, the corresponding
coefficients, J,(¢), are constant multiples of the classical
Eisenstein series,
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The Jacobian Elliptic Functions

The cases

() e £ o

n=—oo

u= 27[:6 e c{1,2}, f,g €{l,sn,cn,dn}and f # g,

where we do not have, simultaneously e =2 and g = sn,
correspond to modular forms on subgroups intermediate to
SL(2,7Z) and T'(2):

o= o) =0 )G

M(2) = (U, PVPY, To=(V,U?, T°2)=(W,U?.
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The Jacobian Elliptic Functions

Lemma (Glaisher, 1889)

Letu = 2Kx/m. The partial fraction expansion for the Laurent
coefficient of each function from [v€ (u | A)] i’z)o forj of
appropriate patrity, is a nonzero constant multiple of

(o.¢]

hy(m, n)
2 Tt

m,n=—o0

(mn)edD,

where D, C Z? and h,(m, n) are given in the following table.
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The Jacobian Elliptic Functions

Ve Dv hv(mv n)
K-nsu 7? (—1)™
K -dsu 72 (—1)m+n

Kk’ -ncu | (Z/27) x 27 | (—1)"+"
Kk-snu | 22 x (Z/27) | (—1)"
K-dnu |27 x (Z/27) (—1)"
Kk - cd u (Z/27.)? (—1)™
(K-ns u)2

(K-cs u)? Zz 1
(K-ds u)2
(kK -sn u)2
(kk-cn w)? | 27 x (Z/27) 1
(K-dn u]2
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The Jacobian Elliptic Functions

Ve ®V hv(mv n)
K-csu 72 (=1)"
Kk’ -scu | (Z/27) x 27 | (—1)"
K-dcu | (Z/27) x27Z | (—1)"
kK -cnu | 27 x (Z/27) | (—1)"+n
kk’K - sd u (Z/27)? (—1)mtn
Kk’ - nd u (Z/27)? (—1)"

(Kk'-sc u)?
(KK -nc u)* (Z/27) x 27 1

(K-dc u)2

(kk'K-sd u)?
(kK-cd u)? (Z/27,)? 1
(Kk'-nd u)?

Eisenstein Series for subgroups of SL(2,Z)
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The Jacobian Elliptic Functions

Conjecture

Letu= 27’?. The Laurent coefficient of index k + 1 for each of
the given functions v about x = 0, is a modular form onT'(2) of
weight k. The Laurent coefficient of order k has |k/2| zeros on
Fr,). Each zero is simple and falls in the indicated range.

% Location of Zeros
Kk’ - scu, Kk -ncu, K -deu | {(—14+€9)/2]10<0 < m}
Kk-cnu,K-dnu {t|ReT =1}
Kkk' - sd u, Kk - cd u, Kk’ - nd u {t|ReT =0}
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Example: dc(u | A(T))

o5}
° .
° .
. . 04t
° .

. ° 03f

. .
02t
. L
. [
03
. [
)
. [

L L L L L L L L L L L L L L L L L L L L
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Figure: The zeros for the Maclaurin coefficient of dc of order 80
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The Jacobian Elliptic Functions

Conjecture
Letu = 2., and define f(k) to be equal to | 55| — 1 ifk =2

(mod 12) and | & | otherwise. The Laurent coefficient of order
k + 1 arising from the expansion about x = 0, for each function

K-ns(u | A(T)), K-cs(u|A(T)), K-ds(u|A(T)), KkK-sn(u|A(T))

has precisely f(3k) T-zeros in the respective fundamental
domain for its modular group, T,.
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The Jacobian Elliptic Functions

Conjecture (continued)
In particular, it is easy to show that

rds = r@: I—‘ns = FO(Z)v and rsn = rcs = r0(2)

The t-zeros of the Laurent coefficients of kK - sn u in a
fundamental region are all simple and located on

{teH|Ret=1,ImT>1/2}.

The t-zeros of the Laurent coefficients for ds, cs, ns in a
fundamental region for Ty are all simple and located on

{fteH||tl=1,—1 < Ret <0}
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The SL(2,7Z) Equivalence of the Zeros

Zerosof
Zerosof Maclaurin
Maclarin Cosfficients
Coefficients forns
forsn, en, dn / \
/ i s o1 \ T->T7+1 > -1/t
Zerosof Zerosof Zerosof Zerosof
Maclaurin Maclaurin Maclaurin Maclaurin
Coefficients Coefficients Coefficients Coefficients
for sc, ne, de for sd, cd, nd fords forcs

Figure: The SL(2, Z)-equivalence of the zeros of Maclaurin
coefficients for the Jacobian elliptic functions
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Conjectured Interlacing Properties

Let

> [v])(CQO denote the Maclaurin coefficient of index » for the
function v about x = 0;

» {aj|j=1,2..., n}denote the imaginary parts of the

T-zeros in Fr(,) a given [v]g(;”, [w]ff;'g, where

v € {Kk - sn(u|A(T))},
w € {Kk-cn(u | N(7)),K -dn(u | A7), Kk'k - sd(u | A(T)),
Kk - cd(u | A1), Kk" - nd(u | A(T))
» {bj|j=1,2...,n}denote the respective imaginary parts of
T-zeros for the corresponding function [v] ), [y F2),

Then b; < a; < bj 1.
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» | suggest that the remaining Jacobian elliptic functions
(and their squares) have Laurent coefficients whose zeros
are similarly distributed on appropriate arcs in H.

» Rankin and Swinnterton-Dyer’s argument can be used to
show that approximately 1/3 of the zeros of each series
under consideration fall on the appropriate arcs.

» Provided these zeros are simple, and that there are no
other zeros, Nozaki’s argument can be applied to show
that the zeros interlace on these arcs.

» S. Garthwaite, L. Long, H. Swisher, S. Treneer have
interesting preliminary results that extend the work Rankin
and Swinnterton-Dyer to certain modular forms on
congruence subgroups. They are able to locate > 90% of
the zeros.
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Divisor Polynomials

To study the zeros numerically, we use the well known
Maclaurin expansions

l/t3 us
sn(uIM=u—(1+>\)§+(1+14>\+A2)§+...

2 4

u u
Cn(u|)\):1_a+(1+4}\)ﬂ+”.
2 4
dn(ulh)zl—)‘zl'+(47\+>\2)%+...,

then approximate the zeros of the corresponding polynomials in
A and map the zeros to Fr(,) via

. 2F1(1/2, 1/2, 1; 1 —)\)
CF(1/2,1/2,1;0)
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Conjectured properties for divisor polynomials

Let P, (A) denote the nth Laurent coefficient of the Jacobian
elliptic function f expressed as a polynomial over Z in the
elliptic modulus A.

» Forn > 1, all zeros of
Psd,Zn—l ()\), Pcd,Zn(A): and Pnd,Zn(A)

lie in [0, 1], and the zeros of successive polynomials
interlace.

» Forn > 1, all zeros of
Psc,anl(A)v Pdc,Zn()\)v and Pnc,Zn(A)

lie in [1, c0), and the zeros of successive polynomials
interlace.

Tim Huber lowa State University Eisenstein Series for subgroups of SL(2,Z)



Conjectured properties for divisor polynomials

» Forn > 1, all zeros of
Psn,Zn—l(A)v Pcn,2n(}\)v and Pdn,Zn()\)

lie in (—o0, 0], and the zeros of successive polynomials
interlace.

» Forn > 1, the zeros of
Puson—1(A),  Peson(A),  and P on(A)
are contained in the union of the following sets:
{—e® | —27/3 < 0 <2m/3), {© + 1| —2m/3 < 0 <2m/3),
(Rez =, —v3/2 < Imz < v3/2)

On each of these arcs, the zeros of successive
polynomials interlace.
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Divisor Polynomials corresponding to sd(u | A)

Corollary

Forn > 0, the (2n + 1)th Maclaurin coefficient of sd(u | x) is a
polynomial of degree n in which each coefficient is a nonzero
integer. The sign of the k™ coefficient in the polynomial is
(_1 )n+k .

This follows from the differential equation

2

e sd(u | x) =2x(x—1)sd(u | x) + (2x — 1) sd(u | x)

and the corresponding recursion formula for the Maclaurin
coefficients.
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Divisor Polynomials corresponding to sd(u | A)

Corollary

Let P, ;4(x) denote the Maclaurin coefficient of sd(u | x) of order
n expressed in terms of the square of the elliptic modulus x.
Then

P4n+l,sd(x) - P4n+l,sd(1_x) and P4n+3,sd(-x) = _P4n+3,sd(1_x)-

In particular, if o is a root of Py, sq4(x), then 1 — « is also a root.

This follows from Jacobi’s rotation formula.
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Divisor Polynomials corresponding to sd(u | A)

Corollary

Any real zeros of P»,_ s4(x) are located in [0, 1]. Moreover, the
set of real zeros of Py,_ sq4(x) is nonempty.

This follows from the preceeding Corollaries and Rankin,
Swinnterton-Dyer’s argument.
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Divisor Polynomials corresponding to sd(u | A)

Figure: The normalized divisor polynomials on [0, 1] for the Maclaurin
coefficients of sd(u | A).
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Divisor Polynomials corresponding to sd(u | A)

Theorem
Ifn=1 (mod 4),

d
Pui)) =0
X x=1/2

Ifn=3 (mod 4),

lim i Pn,sd(x) -0
x—1/2dx \x—1/2

Tim Huber lowa State University Eisenstein Series for subgroups of SL(2,Z)



Divisor Polynomials corresponding to sd(u | A)

Theorem
Ifn=1 (mod 4),

max |Pn,sd(x)| = ‘Pnsd(l/z)‘

x€[0,1]
Ifn=3 (mod 4),
max |(x—1/2)7'Pya(x)] = Lim_|(x—1/2)7"Pya(x)].
x€[0,1] x—1/2
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Connection to orthogonal polynomials

We may apply the integral formula
(ulx)
u:J (1—(1—x))"V2(1 +x) " 2ar (5)
0

and use the generating function the for the Legendre
polynomials P,

Py
\/1—2rt+t2 Z

to write the integrand in (5) in the form

172)6 n/2 n/2.2n
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Connection to orthogonal polynomials

Define

d*" 1—2x

and take iterated derivatives of the identity on the previous
slide, to conclude that

1 [d&° ]
3 |2 sd(u | x) = —82,
L du=0
1 [d
— | ——=sd(u|x) = 10g2 — g4,
5! | dud Ju=0
1 [d ]
P sd(u | x) = —280g3 + 568284 — g,
YL du=0
1 r d9 7] 4 2 2
or | g sdlulx)| = 1540085 — 46208384 + 12685 + 1208285 — 8.
L du=0
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» The polynomials corresponding to the remaining Jacobian
elliptic functions and their squares satisfy similar
properties.

» Brillhart and Lomont have shown that 1/2 is a zero of
Pun43.4(x) and that (2 4 v/3)/4 are each zeros of
Pen+s sa(x) foreach n > 0.

» Numerical calculations suggest that, apart from the factors
corresponding to the zeros of Brillhart and Lomont, the
polynomials are irreducible and their Galois group is the
full symmetric group.
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